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Steel vertical links are widely used as ductile shear fuses in vertical eccentrically braced frames
(V-EBFs), dissipating seismic energy through controlled inelastic deformation while keeping
the remaining structural members within the near-elastic range. Unlike prismatic beam-like
links, which have been extensively investigated in previous studies, a practically relevant
configuration employs a three-dimensional truncated-pyramid member whose circular cross-
section varies continuously along the link height. Because the cross-sectional properties vary
along the member axis, closed-form relationships developed for constant-section links cannot be
directly applied. This study develops a dimensionless closed-form analytical framework for such
variable-geometry links. First, the initial stiffness, yield force, and yield displacement are
derived for a prismatic member with a constant annular cross-section. These relationships are
then extended to the truncated-pyramid geometry by integrating the flexibility along the member
axis and identifying the critical cross-section governing the onset of yielding. The post-yield
response is represented by a three-region bilinear model, and dimensionless relationships are
derived for the normalized force—displacement response, overstrength factor, energy dissipated
per cycle, and equivalent viscous damping ratio, expressed solely in terms of the ductility
demand and post-yield hardening ratio. A parametric evaluation of the derived relationships over
a broad range of taper ratios demonstrates that approximating a truncated-pyramid member using
its mean diameter systematically overestimates the initial stiffness compared with the exact
solution for the variable geometry. An independent single-member finite element screening
analysis of a circular truncated-pyramid specimen from the same cross-sectional category was
also conducted. The stress and plastic strain fields concentrate at a critical cross-section, and the
specimen exhibits a stable ductility ratio, both of which are consistent with the closed-form
idealization. However, the screening specimen represents a different tapering subcase,
characterized by a constant wall thickness, and lacks a documented force-transfer arm. The
resulting closed-form framework can support the interpretation of experimental and finite
element results, parametric design studies, and preliminary sizing of truncated-pyramid steel
vertical links. The scope of the present study is limited to analytical derivation and internal
consistency verification of the proposed framework.

Keywords: Steel vertical link; eccentrically braced frame; truncated-pyramid geometry;
variable cross-section; nonlinear cyclic behavior; bilinear model; ductility; energy dissipation;
equivalent viscous damping.
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Extended Abstract
Introduction

Eccentrically braced frames (EBFs) constitute an effective seismic-resistant structural system by
combining the high elastic stiffness of concentrically braced frames with the ductility and energy
dissipation capacity of specially designed yielding links. These links concentrate inelastic deformation
within predetermined structural regions, thereby reducing damage to surrounding beams, columns, and
braces. Extensive experimental and analytical investigations have established the fundamental mechanical
behavior, design requirements, and detailing principles of conventional horizontal shear links [1, 2].
Vertical eccentrically braced frames (V-EBFs) extend this concept by incorporating a separate vertical
shear link between the apex of a chevron bracing system and the floor beam. This arrangement provides
a replaceable seismic fuse that dissipates earthquake-induced energy while allowing the remaining
structural components to operate predominantly within the elastic range [3, 4]. Unlike conventional beam-
integrated links, vertical links can be manufactured using various geometrical configurations, including
tubular, circular, and tapered cross-sections [5]. Previous analytical formulations have predominantly
addressed prismatic wide-flange or tubular links with constant sectional properties, providing closed-form
relationships for elastic stiffness, yield strength, and post-yield behavior [4-6]. However, these
formulations cannot directly represent members whose sectional dimensions vary continuously along their
longitudinal axes. Investigations of nonuniform metallic dampers have demonstrated that tapered and
hourglass-shaped geometries can influence yielding distribution, plastic deformation, and cumulative
energy dissipation [7, 8]. Similarly, tapered-flange moment connections have exhibited favorable plastic
deformation patterns through controlled redistribution of yielding regions [9]. Nevertheless, a dedicated
analytical framework for three-dimensional truncated-pyramid steel vertical links with continuously
varying circular or annular cross-sections remains insufficiently developed. Such geometries require
consideration of spatially variable sectional stiffness and the identification of a critical yielding section
rather than reliance on a representative constant diameter. Accordingly, this study aimed to develop a
closed-form, dimensionless analytical framework capable of predicting initial stiffness, yielding capacity,
yield displacement, nonlinear force—displacement behavior, overstrength, energy dissipation, and
equivalent viscous damping. It further sought to evaluate the accuracy of an equivalent prismatic
approximation and establish relationships suitable for preliminary structural design and parametric
performance assessment.

Methods and Materials

This study employed an analytical modeling approach supplemented by parametric numerical
evaluation and independent finite element screening evidence. The investigated structural component was
a steel vertical link with a truncated-pyramid geometry represented by a circular annular cross-section. Its
external diameter varied linearly between the lower diameter \(D_b\) and upper diameter \(D_t\), while
the internal diameter \(D_{in}\) remained constant in the principal analytical formulation. The effective
link height was denoted by \(L\), and the external force was transferred through an effective lever arm
\(R_0\). Steel behavior was represented using a bilinear elastoplastic constitutive model incorporating
post-yield kinematic hardening. The initial shear modulus was calculated as \(G=E/[2(1+\nu)]\), while the
post-yield stiffness ratio was defined as \(\alpha=G”*/G\). The von Mises yield criterion and an associated
plastic flow rule were adopted. Initially, closed-form expressions for elastic stiffness, yield force, and
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yield displacement were derived for a prismatic annular section using its polar moment of inertia. These
relationships were subsequently generalized to the tapered member by integrating local flexibility along
its longitudinal axis. Initial yielding was assigned to the critical section characterized by the minimum
external diameter. The nonlinear response was represented through a three-region idealization accounting
for elastic response, progressive sectional yielding, and post-yield hardening, with a bilinear
approximation used to calculate normalized performance indices. Ductility demand, overstrength,
dissipated energy per symmetric cycle, and equivalent viscous damping were formulated in dimensionless
terms. A parametric assessment involving 2,000 randomly generated geometrical combinations was
conducted to compare variable-section stiffness with the stiffness of an equivalent prismatic member using
the mean external diameter. Independent finite element screening results obtained using ABAQUS were
additionally examined. The screening program included 15 candidate three-dimensional link geometries.
The relevant circular truncated-pyramid specimen had external diameters of 120 and 80 mm, a wall
thickness of 5 mm, and a height of 100 mm. ST37 steel was represented using a yield stress of
approximately 235 MPa, ultimate stress of 363 MPa, Young’s modulus of 200 GPa, and Poisson’s ratio
of 0.30.

Findings

The analytical derivations demonstrated that the elastic stiffness of the variable-section link
depends on the integrated flexibility of its continuously changing annular geometry rather than the
stiffness of a single representative section. The onset of yielding was governed by the minimum-diameter
cross-section, defined as Dmin = min(Db, Dt), confirming that the critical yielding location cannot reliably
be established using the mean external diameter. For the prismatic annular reference section, the transition
between outer-fiber and inner-fiber yielding was controlled by the geometric ratio A = Dout/Din, with
inner-fiber yielding occurring when the ductility demand exceeded this threshold (i > A). The parametric
evaluation of 2,000 randomly generated geometrical combinations consistently produced stiffness ratios
satisfying ki,var/ki,avg < 1. Consequently, the equivalent prismatic approximation based on the arithmetic
mean diameter systematically overestimated initial stiffness within the investigated analytical domain.
The normalized force—displacement relationships further demonstrated that, after normalization by yield
force and yield displacement, the elastic response followed P/Py = 8/8y, whereas the post-yield response
followed P/Py = 1 + a(6/6y — 1). Accordingly, the normalized post-yield response depended principally
on the hardening ratio a, independently of absolute sectional dimensions. The overstrength relationship
was established as Q = 1 + a(p — 1), indicating a linear increase in overstrength with ductility demand,
governed by the post-yield stiffness ratio. For symmetric bilinear cyclic loading, energy dissipation was
expressed as Ed = 4Py(dmax — 0y)(1 — a). The resulting equivalent viscous damping curves exhibited an
initial increase with ductility, followed by a plateau or reduction at higher ductility levels depending on
the hardening ratio. Another analytical finding was that yield rotation, defined as ¢y = dy/R0O, was
independent of the effective force-transfer lever arm because this parameter canceled algebraically from
the derived expression. The independent finite element screening provided complementary mechanical
evidence. Initial stiffness values across the 15 candidate geometries ranged from approximately 1.0 to 9.2
kN/mm, while the circular truncated-pyramid specimen exhibited an initial stiffness of approximately 5.17
kKN/mm. Its maximum von Mises stress reached approximately 296 MPa, exceeding the assumed steel
yield stress of 235 MPa and confirming plastic yielding. Equivalent plastic strain concentrated near an



end cross-section, consistent with the critical-section yielding assumption. The specimen exhibited a yield
displacement of 0.020 and an ultimate displacement of 0.050 in the screening model's displacement units,
corresponding to a ductility ratio of p = 0.050/0.020 = 2.50. Its reported dissipated energy per cycle was
approximately Ed = 3.23 kN-m, with a relative energy coefficient of nE = 6.62. These observations
supported the qualitative plausibility of the analytical idealization, although they did not constitute direct
quantitative validation of the proposed variable-section equations.

Discussion and Conclusion

The findings establish a coherent analytical basis for assessing the mechanical performance of
truncated-pyramid steel vertical links under idealized cyclic loading. The principal contribution is the
extension of conventional constant-section link theory to continuously varying annular geometries through
direct integration of member flexibility. This extension is important because replacing a tapered member
with an equivalent prismatic section based on its mean diameter introduces a systematic overestimation
of elastic stiffness within the investigated formulation. The critical-section approach also provides a
rational basis for identifying the onset of yielding and estimating initial strength from the minimum
external diameter. Furthermore, the dimensionless formulation clarifies the relationships among geometric
characteristics, ductility demand, post-yield hardening, overstrength, and energy dissipation. The
independence of normalized post-yield response from absolute sectional dimensions facilitates
comparative performance evaluation, while the derived expressions for equivalent damping provide a
basis for examining energy dissipation efficiency under different deformation demands. The algebraic
independence of yield rotation from the force-transfer lever arm offers an additional simplification for
rotation-based performance assessments. The independent finite element screening results were
qualitatively consistent with the analytical assumptions concerning critical-section yielding and stable
ductility. Nevertheless, important limitations restrict the current framework'’s direct application to final
structural design. The analytical model assumes small deformations, a constant internal diameter, bilinear
kinematic hardening, and unchanged force-transfer geometry, without explicitly considering strain-rate
effects, cyclic degradation, or low-cycle fatigue. Moreover, the finite element screening specimen
employed constant wall thickness, meaning that both internal and external diameters varied, unlike the
fixed-internal-diameter analytical model. The screening model also lacked a documented effective force-
transfer arm. Consequently, direct quantitative validation requires reformulation for the constant-wall-
thickness configuration and determination of the corresponding loading mechanism. Overall, the proposed
framework provides a computationally efficient foundation for preliminary sizing, analytical
interpretation, and parametric evaluation of tapered steel vertical links. Future research should establish
independent numerical and experimental validation, investigate the influence of taper ratio, wall thickness,
link height, and internal-diameter variation, and assess the applicability of the analytical relationships
under realistic cyclic loading and structural boundary conditions.
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Trilinear Capacity Curve: Sequential Yielding of Outer and Inner Fibers
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Yield Displacement of the Variable-Section Link
Relative to the Equivalent Prismatic Link
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Overstrength Factor versus Ductility Ratio
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Idealized Hysteresis Loop  Ductility {, 4., /4 ), Overstrength (1}) and Equivalent Damping (¢ )
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Cancellation of the Lever-Arm Length in the Yield-Rotation Relation
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Demand Ductility vs. Geometric Transition Ratio: Onset of Inner-Fiber Yielding
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